Choosing space C g as the phase space, the existence, uniqueness and stability of the solution to neutral stochastic functional differential equations with infinite delay (short for INSFDEs) are studied in this paper. Under non-Lipschitz condition, weakened linear growth condition and contractive condition, the existence-and-uniqueness theorem of the solution to INSFDEs by means of the Picard iteration, Doob's martingale inequalities, Gronwall's inequality and Bihari's inequality is obtained. Furthermore, the continuous dependence of the solutions on the initial value to INSFDEs are derived. MSC: 65C30; 60H10
Introduction
With the development of industrial technology, just using ordinary differential equations to describe the systems with the phenomenon of time delay is not very ideal in real life. So, we cannot ignore the impact of system-related time delay. Namely, the information provided by the historical state of the system is the necessary data for the development to the current state. Such a system which depends on the historical information is called functional differential equations [] . In general, functional differential equations are widely used in the fields of biological engineering, chemistry and chemical engineering etc. For functional differential equations with infinite delay, the selection of phase space plays a key role in solving specific problems [] . In , Hale et al. [] , Schumacher [, ] built a foundation of phase space axiomatic, respectively. In , Corduneana et al. [] summarized the theory of functional differential equations with infinite delay. Almost at the same time, Wang et al. built C h phase space and Burton constructed C g phase space, respectively []; these two kinds of phase spaces are different, and they are convenient for establishing the qualitative properties of solutions to functional differential equations with infinite delay.
In recent years, the existence-and-uniqueness theorem, stability and other related properties of stochastic functional differential equations have attracted great attention (see [-] , we choose C g as our phase space in this paper, the existence-and-uniqueness theorem of the solutions to INSFDEs will be obtained under non-Lipschitz condition, weakened liner growth condition and contractive condition. Furthermore, the continuous dependence of solutions on the initial value is given.
Preliminary
be a continuous and non-increasing function such that
For any ψ ∈ C g , the norm be defined as |ψ| g = sup s≤
. Arion et al. [] proved that (C g , | · | g ) was a Banach space with the norm | · | g . We denote by
Let ( , F, P), throughout this paper unless otherwise specified, be a complete probability space with a filtration {F t } t≥t  satisfying the usual conditions. Assume that
T is an m-dimensional Brownian motion defined on a complete
where X t = {X(t + θ ) : -∞ < θ ≤ } can be regarded as a C g -value stochastic process. The initial data of system ()
called the solution of () with initial data () if X(t) has the following properties: (i) X(t) is continuous and {X(t)}
t  ≤t≤T is F t -adapted; (ii) {f (t, X t )} ∈ L  ([t  , T]; R d ) and {h(t, X t )} ∈ L  ([t  , T]; R d×m ); (iii) X t  = ξ , for each t  ≤ t ≤ T, X(t) = ξ () + D(t, X t ) -D(t  , ξ ) + t t  f (s, X s ) ds + t t  h(s, X s ) dW (s) a.s.
X(t) is called a unique solution if any other solutionX(t) is distinguishable with X(t), that is,
We always assume that (B)-(B) are valid in this paper.
(B) (non-uniform Lipschitz condition) For any ϕ, ψ ∈ C g and t ∈ [t  , T], it follows that
where κ(·) is a concave continuous nondecreasing function from
(B) (contractive condition) There exists a positive constant K  <  
, for any ϕ, ψ ∈ C g and t ∈ [t  , T], it follows that 
Lemma  (Gronwall's inequality) [] Let α ≥ , β(t) ≥  and let ϕ(t) be a real continuous function on [a, b]. If ϕ(t)
In particular, E|
Lemma  (Bihari's inequality) [] Let T ≥  and u  ≥ , let u(t), v(t) be continuous functions on [, T]. Let κ(·) : R + → R + be a concave continuous and nondecreasing function such that κ(r) >  for r > . If u(t)
where
ds, r ≥  and G - is the inverse function of G.
Lemma  [] Let the assumptions of Lemma  hold and v(t) ≥  for t ∈ [, T]. If for all
ds holds for  ≤ u  ≤ ε, then for every t ∈ [t  , T], the estimate u(t) ≤ ε holds.
The existence-and-uniqueness theorem
Let X  (t) = ξ (), X n t  = ξ for n = , , . . .
and all t  ≤ t ≤ T. Define the following Picard sequence
If we can give the approximate solutions by means of Picard iteration, then the existenceand-uniqueness theorem of the solutions for INSFDEs at phase space C g can be discussed next.
Theorem  If (B), (B) and (B) hold, then there exists a unique solution to system () with initial value (). http://www.advancesindifferenceequations.com/content/2013/1/151
To show Theorem , first of all, let us prove two useful lemmas.
Lemma  Under the assumptions (B), (B) and (B), for all n, m
fact, from Hölder's inequality and the elementary inequality (a
Taking the exception on both sides, and by Hölder's inequality and Lemma , thus we get where a = κ(X T * ) -κ (X T * )X T * and b = κ (X T * ) are positive constants. Thus, () can be simplified as
According to the fact |X
, one can see that
Again, noting that
for any k ≥ . By (), () and Doob's martingale inequality, () becomes
where 
